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Transonic Flutter Suppression Control Law
Design and Wind-Tunnel Test Results

Vivek Mukhopadhyay¤

NASA Langley Research Center, Hampton, Virginia 23681-2199

Flutter suppressioncontrol lawdesignand wind-tunneltest results in transonic � owfor aNACA 0012wingmodel,
under the benchmark active control technology program at NASA Langley Research Center, will be presented.
Two control law design processes using classical and minimax techniques are described. Design considerations for
improving the multivariable system robustness are outlined. The classical control law was digitally implemented
and tested in the NASA Langley Transonic Dynamics Tunnel. In wind-tunnel tests in air and heavy gas medium,
the closed-loop � utter dynamic pressure was increased by over 50% up to the wind-tunnel upper limit. The active
� utter suppression system also provided signi� cant robustness, relative to gain and phase perturbations, even in
the presence of transonic shocks and � ow separation.

Nomenclature
A0 = controller state matrix
a = rate � lter parameter
B0 = minimax estimator gains
Co = constant optimal feedback gains
D0 = minimax estimator gain component
d = differential operator
E = output noise distribution matrix
F = plant state dynamics matrix
G = plant input matrix
G(s) = plant transfer function
g = acceleration due to gravity
H = plant output matrix
I = identity matrix
J = quadratic performance index
KP = pitch position gain factor
KR = pitch rate gain factor
K(s) = controller transfer function
P = estimator error covariance matrix
Q = design weighting matrices
q� utter = open-loop � utter dynamic pressure
R = noise weighting matrices
S = symmetric positive de� nite matrix
s = Laplace operator
t = time
u = control input vector
W = noise constraints
w = disturbance input vector
X = state covariance matrix
x = plant state vector
yd = design output vector
ys = sensor output vector
z = minimax controller state vector
zle = leading-edgeaccelerometer output
zte = trailing-edgeaccelerometer output
a = eigenvalue shift factor
c = scalar parameter for minimax design
D = uncertainty block transfer function
d te = trailing-edgecontrol surface de� ection
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K = stable subspace eigenvector of k
¸ = Lagrange multiplier
q = spectral radius
r = minimum singular value
u = phase margin
x = frequency

Subscripts

com = command input
d = design
o = optimal value
s = sensor
u = input
v = sensor noise
w = plant input noise
y = output

Superscripts

T = transpose
¡ 1 = inverse

Introduction

T HE benchmark active controls technology (BACT) and wind-
tunnel test program at NASA Langley Research Center was

started with the objective of investigating the nonlinear unsteady
aerodynamics and active � utter suppression of standard wings in
transonic� ow.1 ¡ 4 Under the initialwind-tunneltest program,a rect-
angularwing with NACA 0012airfoil cross section was constructed
and equippedwith pressure transducers,active trailing-edgecontrol
surface, and two spoilers. The model was mounted on a pitch and
plunge apparatus in the NASA Transonic Dynamics Tunnel and
was designed to � utter in transonic � ows with oscillating shocks
and boundary-layer separation. Because of the complex nature of
transonic � ow, it was necessary to develop a robust � utter suppres-
sion system that would be stable under these � ow conditions. This
paperdescribestwo � utter suppressioncontrol law designprocesses
using classical and minimax techniques. Both designs were based
on a set of linear analyticalmodels and experiencegained from pre-
vious � utter suppression test programs.5 ¡ 7 The wind-tunnel model
and preliminaryanalysis are described� rst followed by the classical
control law design process. Procedures for evaluating and improv-
ing the singular-value-basedmultivariable system robustness8,9 are
then described. Next, a robust control law design process using a
uni� ed linear quadratic Gaussian and minimax method10 ¡ 14 is pre-
sented. Finally, a summary of the wind-tunnel test results using
the classical control law is described and compared with analytical
predictions.
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Fig. 1 BACT model test setup in wind tunnel.

Fig. 2 NACA 0012 BACT wing on PAPA.

Wind-Tunnel Model Description
A perspective view of the BACT model1,2 mounted on the pitch

and plunge apparatus3,4 (PAPA) in the wind tunnel is shown in
Fig. 1. This PAPA mechanism was separated from the primary � ow
by a long splitter plate and allowed the rigid wing to have vertical
(plunge) and rotational (pitch) degrees of freedom about the mid-
chord at known frequencies. The plunge and pitch frequencies of
the PAPA mounted NACA 0012 wing model were set at 3.3 and
5.2 Hz, respectively. Locations of four accelerometer sensors and
the trailing-edgecontrolsurfaceare shownin Fig. 2. Two accelerom-
eter sensorswere locatednear the wing leading edge zle and trailing
edge zte at the section inboard. An identical pair of sensors was
located at the wing outboard section, as a spare. The active trailing-
edge control surface was operatedby a closed-loopelectrohydraulic
actuator and was used as � utter control input, as described here. A
pair of active spoilers was also located on the upper and lower sur-
faces, just ahead of the trailing-edge control surface. Reference 15
describes application of the spoilers for BACT � utter suppression.
Each of the control surfaces stretched over 30% of the span and
25% of the chord. The preliminary analysis and classical control
law design process are described next.

Preliminary Analysis
The preliminary analysis, control surface sizing, and � utter sup-

pression control law design were based on analytical state-space
equationsof motionof the BACT wing model.1 ¡ 4 These linear equa-
tions were developedanalytically,using structuraldynamicanalysis
and unsteadydoublet lattice aerodynamicswith rationalpolynomial
approximations.5 These state-spaceequationsconsistedof 14 states,
2 designinputs,and7 designoutputs.The 14 statesrepresentplunge,
pitch,plungerate,pitchrate,3 aerodynamicstatesforplunge,3 aero-
dynamic states for pitch, 2 trailing-edge � ap actuator states, and 2
Dryden gust states, respectively. The two inputs are the trailing-
edge � ap actuator command d tecom and gust input noise. The seven
outputs are zte and zle acceleration, trailing-edge � ap command,

trailing-edge � ap de� ection d te, de� ection rate, acceleration, and
gust velocity. These 14th-order state-spaceequations were used for
classical control law design and for performance simulation and
veri� cation purposes. For minimax control law design purposes,
the 14th-order state-space equations were reduced to fourth-order
state-space equations, using residualization and Schur’s balanced
reductionmethod.6,7 First, it was reduced to an eighth-ordersystem
using a residualization technique, in which only the static part of
all modes above 15 Hz were retained. The resulting eighth-order
system was then balanced and the four states of the system with
largest balanced singular values were retained.

Open-Loop Responses
In an air medium, the analytical open-loop � utter dynamic pres-

sure q� utter was near 128 psf. In heavy gas, the analytical � utter
dynamic pressure was close to 150 psf. The � utter frequency was
near 4.2 Hz. Figure 3 shows the response of the wing trailing- and
leading-edge accelerometers, lift force, and pitching moment due
to a 1-deg step command of the trailing-edgecontrol surface, in air
at 225 psf dynamic pressure. The resulting initial acceleration is of
the order 0.05 g. This motion is primarily vertical plunge motion,
mixed with small pitch response. The oscillatory lift force diverges
rapidly at a rate of 6 lb/s. The pitching moment diverges at a rate of
about 1 lb/s.

Frequency Responses
The open-loopfrequency responseswere studiedusing this 14th-

order plant model, in air at 225 psf, to select a possible candidate
for the best feedback signal for active � utter suppression. Bode
diagrams of the trailing- and leading-edge accelerometers zte and
zle and their difference (zte ¡ zle) due to the trailing-edge control
surface excitation d te are shown in Fig. 4. Magnitude plots of zte
and zle indicate predominant plunge response at 3.3-Hz excitation

Fig. 3 Open-loop time responses to unit step ±tecom in air at 225 psf,
Mach 0.5.

Fig. 4 Bode diagrams of zte and zle and zte ¡ zle due to ±te excitation,
in air at 225 psf.
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frequency.At 4.2-Hz excitation,themotion is a combinationof pitch
and plunge with pitch motion leading the plunge. Their difference
(zte ¡ zle) represents a signal proportional to the pitch acceleration
and can be integrated to provide a pitch-rate proportionalfeedback.
Figure 4 shows that the magnitude of this zte ¡ zle signal is small
and peaks at � utter frequency to about 0.05 g/deg. Feedback of this
signal with a high gain could provide maximum pitch damping at
the � utter frequency.

Classical Control Law Design
Based on this Bode plot analysis, a classical � utter suppression

scheme using pitch-rate proportionalfeedback signal from zte ¡ zle
was � rst developed. The Nyquist diagram of zte ¡ zle due to the
trailing-edgecontrol surface excitation d te in air at 200 psf is shown
in Fig. 5a. The arrow indicates increasing frequency of excitation
from 2 to 6 Hz, with each asterisk representingfrequencyincrement
of 1 rad/s. Because the open-loopplant model had a pair of complex
unstablepoles,and theNyquistcontourdidnot encirclethe ¡ 1 point,
the unit feedbackclosed-loopsystem would be unstable.To achieve
Nyquist stability, the zte ¡ zle signal was integrated to provide a 90-
deg phase lag and then used for feedbackwith suf� cientlyhigh gain.
Thus, the Nyquist contour would rotate 90 deg clockwise and then
expand to encircle the ¡ 1 point to indicate a stable linear system.

Fig. 5a Nyquist diagram of zte ¡ zle due to ±te excitation, in air at
200 psf.

Fig. 5b Nyquist diagram of zte ¡ zle with 10/(s + 10) lag � lter and a
gain KR = 500, due to ±te excitation, in air at 200 psf.

Instead of using a pure integrator 1/ s , a � rst-order lag � lter of
type a / (s + a) was used, to avoid ampli� cation of any static bias.
The � lter parameter a and feedback gain selection processes are
described next.

Gain Selection
Two � rst-orderlag � lters, 5/ (s + 5) and 10/ (s + 10), were exam-

ined. The latter was selected to achieve a higher phase margin at the
plant input above the � utter frequency. Higher phase margin was
desirable, to compensate for phase lag effects of antialiasing� lters,
computationaldelay, and the actuator.6,7 The 25-Hz antialiasing� l-
ter and the 1/200 s computational delay contribute about 20 deg
of phase lag at the � utter frequency. Moreover, with increasing dy-
namic pressure, the actuatormay have an additionalunknownphase
lag because the control surface moves against higher aerodynamic
loads. The Nyquist diagram of the zte ¡ zle signal with 10/ (s + 10)
lag � lter and a feedbackgain KR = 500, due to the trailing-edgecon-
trol surface excitation d te, in air at 200 psf, is shown in Fig. 5b. The
unit circle is also shown. With this feedback gain, the Nyquist con-
tour encircles the ¡ 1 point, indicating that the closed-loop system
is stable. As desired, the phase margin at the plant input above the
� utter frequency was about 60 deg, but the phase margin below the
� utter frequency was only 20 deg. Preliminary analysis indicated
that this basic simple control law 1

d te = 500[10/ (s + 10)](zte ¡ zle) (1)

could suppress the � utter instability in the dynamic pressure range
from 0 to over 225 psf, both in air and in a heavy gas medium.
However, the closed-loop damping and stability margins required
substantial improvement which was obtained through a root locus
study, additional feedback, and sensor mixing, as follows.

Root Locus
The root locuswith zte ¡ zle feedbackthroughthe10/ (s + 10) lag

� lter with increasinggain KR = 0, 500, . . . , 2500, is shown in Fig. 6
(at left), which indicates that the stabilizationwas due to increased
pitchmodedampinganda loweredplungemode frequency.InFig.6,
the arrows indicate increasing gain. The closed-loop roots of pitch,
plunge, and � lter modes with KR = 500 are denoted by the square
symbol.The root-locusplot at right shows the effect of an additional
feedback of zte ¡ zle through another 5/ (s + 5) lag � lter (see also
Fig. 7) with KR = 500 and increasing gain KP = 0, 500, . . . , 2500.
This was equivalent to feedback of both pitch-angle and pitch-rate
proportional signal. The closed-looproots of pitch, plunge, and � l-
ter modes with KR = 500 and KP = 1 (denoted by square symbol),
indicate a slight increase in pitch mode frequencyand plunge mode
damping. This feedback strategy resulted in increased pitch and
plunge modal damping and separated their frequencies further.

a) b)

Fig. 6 a) Root-locus with zte ¡ zle feedback through a 10/(s + 10) lag
� lter, with increasing gain KR (at left). b) Root-locus with additional
pitch-rate feedback through a 5/(s + 5) lag � lter with KR = 500 and
increasing gain KP.
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Fig. 7 Block diagram for numerical simulation of the digital control
system implementation using the � nal classical control law 3 for � utter
suppression.

Fig. 8 Singular value plots for analysis of multivariable stability mar-
gins with a perturbation D , at the plant input or output, using classical
control law 2, in air at 225 psf.

Pitch and Pitch-Rate Feedback Control Law
From the root-locus study, the feedback gains were selected as

KR = 500 and KP = 1. This initial second-orderpitch and pitch-rate
feedback control law, as shown in Eq. (2), is denoted by law 2:

d te = [10/ (s + 10)]{500 + [5/ (s + 5)]}(zte ¡ zle) (2)

The control law inputs zte and zle are in units of gravitational ac-
celeration and the output d te is in degrees. The high feedback gain
KR was required because the maximum zte ¡ zle signal was only of
the order 0.05 g/deg. However, the high gain resulted in a severe ro-
bustness problem with respect to plant perturbation and individual
sensor uncertainty. Singular value plots for analysis of multivari-
able stability margins8,9 with a perturbation D , at the plant input or
output, using control law 2, in air at 225 psf, are shown in Fig. 8.
Here G(s) and K(s) denote plant and controller transfer matrices,
and D denotes an unstructureduncertaintyblock, respectively.The
two plots at top in Fig. 8 indicate that the minimum singular value
r (I + KG) is only 0.3 at plant input and r (I + GK) is only 0.01 at
plant output. Thus, at 225-psf dynamic pressure, the closed-loop
system has very little robustness to a multiplicativeperturbation D ,
with a magnitude above 0.01, at plant output. The singular value
1/ r [K(I + GK) ¡ 1] is only about 0.005 g/deg near 2 Hz, as shown
in the lower left plot. This means that the plant has very little tol-
erance to an additive plant perturbation D , with a magnitude above
0.005 g/deg. The complex determinant locus of (I + KG) is shown
at lower right. The minimum distance of the loci from the origin,
which is a measure of its closeness to singularity, is only 0.3.

These singular value plots of r ( I + KG) can also be related to
multivariable gain and phase margins using the universal gain and
phase margin diagram8,9 shown in Fig. 9. For example, minimum

singularvalue r (I + KG) of 0.3 is equivalent to §3-dB gain margin,
that is, intersection of a horizontal line at r (I + KG) = 0.3 with
parametric curve of r (I + KG) labeled 0 deg, or §18-deg phase
margin at the plant input, that is, the intersectionof a horizontal line
at r (I + KG) = 0.3 with the vertical axis.

Final Pitch and Pitch-Rate Feedback Control Law
This lack of robustness associated with this pitch and pitch-rate

feedback control law was alleviated by selecting a feedback of a
proper linear combination of the two sensors with lower gains for
KR, instead of using their difference (zte ¡ zle). The linear combi-
nation of zte and zle, which is equivalent to feeding back both pitch
acceleration (zte ¡ zle) and plunge acceleration (zte + zle) in the
ratio 0.7(zte ¡ zle) + 0.3(zte + zle), appeared to provide a superior
robust control law. The � nal classical feedback control law, using
this combination that is equivalent to (zte ¡ 0.4zle) feedback,along
with reduced gains of KR = 50 and KP = 1, was analyzed and im-
plemented. This simple control is shown in Eq. (3) and is denoted
by classical control law 3. The control law inputs zte and zle are in
units of gravitational acceleration, and the output d te is in degrees:

d te = [10/ (s + 10)]{50 + [5/ (s + 5)]}(zte ¡ 0.4zle) (3)

Response and Robustness Analysis
The closed-loop transient responses due to 1-deg step de� ection

of d tecom , in air at 225 psf, is shown in Fig. 10. The trailing-edge
control surface response has only a 0.25-deg overshootwith a max-
imum rate of 12 deg/s, as shown by the two upper plots. The lift
force plot, shown at lower left, indicates a 20% reduction of the
overshoot,compared to the open-loopinitial transientvalues shown

Fig. 9 Universal gain and phase margin analysis diagram.

Fig. 10 Closed-loop responses: control surface de� ection and rate, lift,
and pitching moment due to step input ±te using control law 3, in air at
225 psf.
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Fig. 11 Singularvalue plots for analysisof multivariablestability mar-
gins to perturbation D , using classical control law 3, in air at 225 psf.

in Fig. 3. The pitching moment, shown at lower right, converges
to a small value of ¡ 0.3 ft¢ lb. Figure 11 shows the singular-value
plots for analyzing the system stability margins8,9 with law 3, at
225 psf dynammic pressure, in air. Here G, K, and D denote plant,
controller,and uncertaintyblock transfer function,respectively.The
two upperplots indicate that the minimum singularvalue r (I + KG)
is increased to 0.8 and r (I + GK) is increased to 0.3, compared to
the corresponding values of 0.3 and 0.01, respectively, with law
2 (see Fig. 8). The minimum singular value r (I + KG) of 0.8 is
equivalent to ¡ 5 dB and 12 dB gain margins or §45-deg phase
margins at the plant input. These gain and phase margins are de-
termined from Fig. 9 as described earlier. The minimum singular
value 1/ r [K ( I + GK) ¡ 1] is also increased to 0.04 g/deg near � ut-
ter frequency (lower left plot, compared to 0.005 g/deg with law
2, in Fig. 8), thus increasing the plant’s tolerance to additive plant
perturbation. The complex determinant loci of (I + KG), shown at
lower right, has a minimum distance of 0.8 from the origin (com-
pared to 0.3, for law 2). This robustness analysis indicates that the
closed-loopsystemwith law 3 has signi� cantlyhighermultivariable
stability margins, even at a high dynamic pressure of 225 psf.

Minimax Design
Flutter suppression control law design using a uni� ed linear

quadratic Gaussian and minimax method10 ¡ 12 is described next.
The minimax approach is based on the steady-state differential
game theory11,12 and is analogous to the time domain H -in� nity
theory.12 ¡ 14 The minimax formulation is brie� y presentednext (see
Refs. 10–12 for detailed derivation).

Let the state-space Eqs. (4–6) represent an nth-order linear sys-
tem with control input u(t ), disturbancew (t ), design output yd , and
sensor output ys , where all necessary rank, controllability,and ob-
servability conditions are assumed to be satis� ed. Thus, we have,
for the plant state-spaceequations,

d x(t )

dt
= Fx(t ) + Gu(t ) + Gw w(t ), x(0) = x0 (4)

for the design output,

yd (t ) = Hd x(t ) + Eduu(t ) (5)

and for the sensor output,

ys (t ) = Hsx(t ) + Esw w(t ) (6)

The minimax problemis to determinethe plant inputu(t ) that would
minimize the quadratic performance index J and to � nd the worst

plant disturbancew (t ) and initial condition x0 that would maximize
J de� ned in Eq. (7),

J =
1

2

1

0

xT Qx x + 2xT Qxu u + uT Quu dt (7)

subject to the constraint Eq. (4) with x0xT
0 = X0 and a speci� ed W

de� ned by

W =
1

2

1

0

wT Rw w dt (8)

When we used the calculus of variation with respect to x(t ), u(t ),
w(t ) anda vectorLagrangemultiplier k (t ), the conditionsfor @J = 0,
the equations for the linear quadratic minimax state feedback regu-
lator were obtained. These equations were derived in Refs. 10 and
11. The basic equations are presented here. The signi� cance of the
cross-weightingmatrix Qxu in Eq. (7) and how it can be selected for
pole placement of the state regulatorwill be shown later in the state
feedback regulator design subsection.

State Feedback Regulator Equations
The steady-state feedback regulator equations are given by

Eqs. (9–11):

u = ¡ C0x (9)

where C0 = ¡ Q ¡ 1
u GT S + QT

xu and

w = Cw x (10)

where Cw = c ¡ 2R ¡ 1
w GT

w S and where c is an arbitrary scalar design
parameter and the n £ n matrix S is the solution of the steady-state
regulator Riccati equation (11)

SF + FTS + Qx ¡ (SG + Qxu )Q ¡ 1
u (SG + Qxu )T

+ S c ¡ 2Gw R ¡ 1
w GT

w S = 0 (11)

where¸ = Sx. The positive-de�nite symmetric steady-statesolution
for S can also be obtained from the (2n £ n) eigenvectors of the n
stable eigenvalues of the Hamiltonian matrix

F ¡ GQ ¡ 1
u QT

xu ¡ GQ ¡ 1
u GT + c ¡ 2Gw R ¡ 1

w GT
w

¡ Qx + QxuQ ¡ 1
u QT

xu ¡ F ¡ GQ ¡ 1
u QT

xu

T (12)

If all of the eigenvectors are partitioned into two n £ n matricesX
and K that represent the stable subspace eigenvectors of x and k ,
respectively,then S =X ¡ 1K . Substituting the constant optimal state
feedbackgains,Co andCw , in Eq. (4), theclosed-loopstate feedback
system is given by

dx
dt

= [F + Gw Cw + GCo]x, x(0) = x0 (13)

Using Eqs. (4), (11), and (13), it can be shown10,11 that with this
state feedback regulator, the minimax J and W de� ned in Eqs. (7)
and (8) are given by

J = 0.5 tr [SX0] + c 2W (14)

W = 0.5 tr CT
w Rw Cw X (15)

where X is the solution of the Lyapunov equation (16) and X0 =
[x(0)x(0)T ]:

[F + Gw Cw + GCo]X + X[F + Gw Cw + GCo]T

+ x(0)x(0)T = [0] (16)

The worst x(0) thatmaximizes J is givenby the eigenvectorof the
maximum eigenvalue of S. The standard linear quadratic regulator
(LQR) solution is obtained when c = 1 , that is, Cw = 0.
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State-Estimator Equations
The derivationof coupled state-estimatorequationsusing a linear

quadratic minimax approach was presented in Ref. 12. The equiva-
lent state-space solutions of the H -in� nity problem were presented
in Refs. 13 and 14.The state-estimatorgainB0D0 is obtainedby � nd-
ing the symmetric positive-de�nite solution for P from the steady-
state estimator Riccati equation (19):

B0 = ¡ PHT
s + Rwv R ¡ 1

v (17)

D0 = (I ¡ c ¡ 2PS) ¡ 1 (18)

where q (PS) < c 2 ,

PFT + FP + Gw Rw GT
w ¡ PHT

s + Rwv R ¡ 1
v PHT

s + Rwv
T

+ P( c ¡ 2Qx )P = 0 (19)

Here, Rv = Esw Rw ET
sw and must be positive de� nite and Rwv =

Gw Rw ET
sw . In Eq. (18) the spectrum q [PS] must be less than c 2 for

D0 to exist.The positive-de�nite symmetric steady-statesolutionfor
P in Eq. (19) can also be obtained from the (2n £ n) eigenvectors
of the n stable eigenvalues of the estimator Hamiltonian matrix,

F ¡ Rwv R ¡ 1
v Hs

T
¡ HT

s R ¡ 1
v Hs + c ¡ 2HT

d Q ¡ 1
yd Hd

¡ Gw Rw GT
w ¡ Rwv R ¡ 1

v RT
wv ¡ F ¡ Rwv R ¡ 1

v Hs

(20)

If all of the eigenvectorsof Eq. (20) are partitioned into two (n £ n)
matrices X and K , then P = X ¡ 1K . The state-estimate vector z is
given by

dz
dt

= Fz + Gw w + Gu + D0B0(Hsz ¡ ys ) (21)

Controller Equations
Substituting Eqs. (9), (10), (17), and (18) in Eq. (21), the state-

estimation feedback controller Eqs. (22) and (23) are obtained.
The standard linear-quadraticGaussian controller is obtained when
c = 1 :

dz
dt

= [A0] z ¡ [D0B0]ys (22)

u = [Co] z (23)

where [A0]= [F + Gw Kw + GCo + D0B0Hs].

Design Procedure
In this design, the output yd was treated as a scalar and chosen to

be the same linear combinationof the trailing- and leading-edgeac-
celerometeroutput(zte ¡ 0.4zle) as used in the � nal classicaldesign.
One advantageof this choice was that the plant had no transmission
zeros in the open right-half s plane. Usually in a frequencydomain
H -in� nity design, the plant equations are augmented with weight-
ing transfer functions. In this time-domain formulation, the weights
were chosen as constants. These weighting constants are chosen as
the inverse of the desiredmagnitudeof the weighted quantities.The
initial controllerwas designedwith a large value of c 2 = 500, using
the reduced fourth-order plant Eqs. (4–6), in air at 225 psf, assum-
ing Gw = G. The block diagram for this iterative design procedure
is shown in Fig. 12. The detailed design steps are described next.

State Feedback Regulator Design
The average output of the accelerometer sensors were of the or-

der 0.1 g, (see Fig. 4), and control surface maximum rms de� ection
was desired to be of the order 1 deg. Thus, the initial values of
the weighting matrices were chosen as follows: Q ys = 100, Qx =
[HT

s QysHs], and Qu = 1.0. Instead of setting the cross-weighting
matrix Qxu = [0] as usual practice, the cross-weighting matrix Qxu

was selected to place all state-regulatorpoles beyond a certain dis-
tance a = 3 rad/s to the left of imaginary axis, by using

Qxu = ¡ a G(GTG) ¡ 1Qu (24)

Fig. 12 Block diagram of iterative procedure for minimax control law
design and evaluation.

Fig. 13 Singularvalue plots for analysisof multivariablestability mar-
gins using minimax control law 4, in air at 225 psf.

Thus, if (GTG) ¡ 1 exists, GQ ¡ 1
u Qxu = ¡ a I, and eigenvaluesof the

diagonal matrix block in Eq. (12) are offset by ¡ a I, resulting in
a more stable system. The control-weighting matrix Qu was also
subsequently reduced from 1.0 to 0.01 after a few design cycles to
improve the regulator performance. This process of reducing Qu is
equivalent to the asymptotic state-estimator loop-transfer recovery.

State-Estimator Design
The state estimator was designed as a dual to the state regulator

with Rw = 1, each diagonal elements of Rv = 0.01 and Rwv = [0].
The performance of the control law was then examined with the
full-order plant. After a few design cycles, Rw was increased to 36
to improve system robustness. Because we also choose Gw = G,
this increase was equivalent to the asymptotic state-regulator loop-
transfer recovery process.

Fourth-Order Minimax Control Law
Subsequent solutions to the state regulator and state estimator

were obtained with the same choice of weighting matrices, with
decreasing value of c 2 , for which positive-de�nite solutions for S
and P couldbe obtained.The fourth-orderminimax control law was
designed with c 2 = 50 to obtain a low bandwidth controller. Note
that feasible solutions could be obtained for even lower values of
c 2 up to c 2 > q (PS), below which the disturbanceauthority would
exceed the control authority.

Figure 13 shows key singular value plots used for analysis of
multivariablestabilitymarginsrelativeto multiplicativeand additive
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perturbations D at the plant input and output, with the minimax
control law 4. The upper two plots show that the minimum singular
value r (I + KG) is increased to 0.9 and r (I + GK) is increased to
0.4 (compared to the correspondingvalues of 0.8 and 0.3 for control
law 3, shown in Fig. 11). However, the minimum singular value
1/ r [K(I + GK) ¡ 1] is reduced to 0.02 g/deg near � utter frequency
(lower left plot, compared to 0.04 g/deg with law 3, in Fig. 11), The
complex determinant loci of (I + KG), shown at lower right, has a
minimum distance of 0.9 from the origin (compared to 0.8, for law
3). Althoughcontrollaw4 was slightlymore robustthan theclassical
control law 3 in Eq. (3), it was more complex and sensitive to the
plant model accuracy. The simpler control law 3 provided better
damping with lower control surface activity and was implemented
and tested in the wind tunnel after extensive numerical simulation.

Numerical Simulation
Before the wind-tunnel test entry, the digital implementationwas

numerically simulated using MATLAB®/Simulink software. The
performance and robustness of the � nal design was analyzed using
the analytical14th-orderplant state-spaceequations.The blockdia-
gramfor numericalsimulationof the digitalcontrolsystemusing the
� nal classical control law 3 is shown in Fig. 7. The block diagram
shows additional � lters required for digital implementation. Two
� rst-order 25-Hz antialiasing � lters 157/ (s + 157) were added to
the plant sensor output. A washout � lter 5s / (s + 5) and one-cycle
computational delay were appended to the controller output. The
1/200-s computationaldelaywas modeledby a (400 ¡ s)/ (400 + s)
� lter. This simulation also included the nonlinear effects of a dead-
band present in the electrohydraulic actuator. Application of the
upper and lower spoiler for transonic � utter suppression with the
same digital control law was also investigated using similar numer-
ical simulation.

Flutter Suppression Test Results
The active � utter suppression control law 3 was successfully

tested in air and in a heavy gas medium in the NASA Transonic
Dynamics Tunnel at speeds up to Mach 0.95 . The wind-tunnel
test results indicated an increase in the � utter instability bound-
ary from the open-loop dynamic pressure of 150 psf to the tunnel
limit of 200 psf at Mach 0.77 in a heavy gas medium. Major � ut-
ter suppression test points at a set of Mach numbers and dynamic
pressures in a heavy gas medium are shown in Fig. 14. The solid
line indicates the estimated experimental � utter boundary, as deter-
mined from wind-tunnel tests, in heavy gas. This boundary exhibits
a typical but a broad transonic � utter bucket, a gradual drop in � ut-
ter dynamic pressure starting at Mach 7.0, then a sharp rise after
Mach 0.8. The test points below the estimated � utter boundary rep-
resent both open-loop and closed-loop tests using control law 3.
The points above the � utter boundary represent closed-loop tests
using control law 3. The tests at Mach 0.8 indicated an increase
in the � utter stability boundary from the open-loop dynamic pres-

Fig. 14 Open-loop � utter boundary and closed-loop � utter suppres-
sion results from wind-tunnel tests in heavy gas.

Fig. 15 Open-loop and closed-loop rms responses using classical con-
trol law 3, from wind-tunnel tests in heavy gas medium.

Fig. 16 Control surface rms responses using the classical control law
3, from wind-tunnel tests in heavy gas medium.

sure of 145 psf to the tunnel upper limit of 200 psf, an increase
of over 50%. The classical control law 3 provided superior perfor-
mance and was demonstrated to be stable over a multiplicativegain
variation from 0.25 ( ¡ 12 dB) to 7 (16 dB), and phase variation
from ¡ 90 to +60 deg at 195 psf. The analytical predictionswere of
the order from ¡ 5 to 12-dB gain margins and §45-deg phase mar-
gins, indicatingthat the singular-value-basedphaseand gain margin
predictions are generally conservative.8 Comparison of open-loop
and closed-loop rms responses of the trailing-edge accelerometer
and control surface using the classical control law 3 are shown in
Figs. 15 and 16, respectively.Figure 15 indicates that when the sys-
tem is open-loopstable, closing the loop actually alleviates the load
by 30%. The closed-looprms response of the trailing-edgeinboard
accelerometer near 195-psf dynamic pressures were of the order of
0.035 g. The analytical predictions, based on the linear state-space
model and a Dryden gust model with 6-in./s rms gust, were also
of the order 0.035 g. Figure 16 indicates that the classical control
law 3 generally requires maximum rms control surface de� ection
of the order 0.3 deg. The analytical predictions,based on the linear
state-space model with 6-in./s rms gust, were of the order 0.66 deg.
The higher predictionsmay be due to the lack of an accurate analyt-
ical model at transonic speed. Another set of optimal control laws
designed by Waszak15 were also tested successfully.These control
laws used upper and lower spoilers as control surfaces for � utter
suppression. Performances of these control laws with those of the
present classical control law 3 are compared in Ref. 15.

Conclusions
A simple classical robust control law was designed based on

physical principles and was digitally implemented to successfully
suppress � utter in transonic � ow. A comparable robust control
law was also designed using the minimax technique. Analysis and
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improvement of stability robustness for this multivariable system
with respect to unstructured perturbations at the plant, input, and
output were important steps in such a design process. In wind-
tunnel tests in air and a heavy gas medium, the closed-loop � utter
dynamic pressure was increased by over 50% to the tunnel upper
limit. The control law exhibited signi� cant robustness to gain and
phase perturbations, even in the presence of oscillating shocks and
� ow separation.
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